A new model to describe the solubility of amino acids and ␤-lactam compounds as a function of pH is proposed. The description of the solid-liquid equilibrium entails simultaneous calculation of phase and chemical equilibria. The liquid-phase non-ideality was accounted for through an extended Pitzer model for polyelectrolyte solutions. A statistical thermodynamic interpretation of Pitzer's binary interaction parameters is also presented. The model was successfully applied to different systems containing amino-acids, as well as glycine and its oligopeptides and ␤-lactam compounds such as ampicillin and 6-aminopenicillanic acid.
Introduction
When modeling the solubility of amino acids or ␤-lactam antibiotics as a function of pH, the most important aspect is the liquid phase modeling, since solid phase can be assumed to be unique and constituted only by solute molecules. A specific issue concerning the solubility of amino acids is the fact that in aqueous solutions they dissociate, so that a single amino acid can be found in three different states: as a cation, as an anion and as a zwitterion -the neutral nonpolar species is virtually non-existent in the solution. Many strategies have been proposed to calculate amino acid activity coefficients in liquid phase: through the Poisson-Boltzmann equation [1] , through excess Gibbs energy models [2] [3] [4] [5] [6] [7] [8] , through group-contribution models [9, 10] , through statistical thermodynamic approaches [11] and through volumetric equations of state [12] [13] [14] .
To the best of our knowledge, the first model to describe amino acid solubility curve as a function of pH was based entirely upon considerations about chemical dissociation [15] without considering liquid-phase non-ideality. The solubility curve of tyrosine in aqueous solution as a function of pH was calculated with good agreement with experimental data.
The work by Kirkwood [1] is among the first ones to describe solutions containing zwitterions. It is based on the analytic solution of the linearized Poisson-Boltzmann equation, considering the three directions on the Laplacian operator for a spherical zwitterion. The author obtained an expression that relates the logarithm of an ion activity coefficient to a series involving multipole moments. The first term of this series is analogous to the Debye-Hückel term, being null for zwitterions, as they have no net charge. With some simplifications, the author also showed the application of this approach to an ellipsoid zwitterion [16] .
Nass [2] modeled the solubility of amino acids as a function of pH assuming that the excess Gibbs energy is given by the sum of chemical and physical contributions. The chemical contribution was calculated considering amino acid dissociation, mass balance equations and phase equilibrium conditions, whereas the physical contribution was calculated through Wilson's equation [17] for the binary mixture of water and amino acid. The experimental data were well correlated, at the expense of a high number of adjustable parameters. Chen et al. [3] considered that the excess Gibbs energy could be split in three terms, two of them related to long-range interactions, viz., a Pitzer-Debye-Hückel and a Born terms, and another one to account for short-range interactions, the NRTL equation [18] . For the activity coefficient of the zwitterions, the Pitzer-Debye-Hückel contribution becomes null. The authors showed that the experimental solubility data were satisfactorily correlated with only one or two adjustable parameters for each compound.
The work by Gupta and Heidemann [9] laid the foundation for most ensuing works. Their approach relates chemical dissociation of amino acids and the solid-liquid equilibrium condition. The fraction of zwitterionic amino acid molecules non-ideality of aqueous solutions of native and modified amino acids was calculated through the modified UNIFAC model of Larsen et al. [19] with new groups such as glycine and proline. Following their work, Pinho et al. [10] proposed a UNIFAC model combined with a Debye-Hückel term to calculate the activity coefficients of amino acids; the solubility of glycine was modeled as a function of pH with very good agreement with experimental data. Nevertheless, some authors question the introduction of the Debye-Hückel term in this case [5, 11] . Rodríguez-Raposo et al. [4] fitted osmotic coefficients of glycine in aqueous solution using the Pitzer equation and calculated the activity coefficient of glycine in aqueous solution, with very good agreement to the experimental data.
List of symbols
Khoshkbarchi and Vera [5] split the excess Gibbs energy in longrange and short-range interaction contributions. They tested the models by Bromley [20] and their own [21] for the long-range interaction contribution and, for the short-range term, the NRTL and Wilson models [17] . Whichever the model chosen, the approach required only two parameters, and binary water-amino acid systems and ternary water-electrolyte-amino acid systems were well correlated.
Even though the basic equation to predict the glycine solubility as a function of pH used by Khoshkbarchi and Vera [11] follows the approach by Gupta and Heidemann [9] , they introduce the use of the perturbation theory to calculate the non-ideality of the amino acid in the aqueous solution. They modeled amino acids as Lennard-Jones spheres with dipole-dipole interactions. Santana et al. [22] showed that this model fails to quantitatively predict the solubility of ampicillin, d-phenylglycine and 6-aminopenicillanic acid as a function of pH even adjusting five parameters. Pradhan and Vera [6] , using an equation similar to that proposed by Gupta and Heidemann [9] with the NRTL equation, correlated the dlalanine solubility as a function of pH, with good agreement with the experimental data in the vicinity of the isoelectric point.
Park et al. [12] correlated the activity coefficient of valine, ␣-amino butyric acid, alanine, glycine and glycylglycine in aqueous solution by applying the hydrogen-bonding lattice fluid equation of state, with no consideration about amino acid dissociation.
Xu et al. [7] proposed a modification of the Wilson model to calculate the excess Gibbs energy of amino acid solutions. They assumed that all amino acid molecules were in zwitterionic form in pure water, which somehow restricts the application of their model for calculating amino acid solubility at pH in the vicinity of isoelectric point.
Using the PC-SAFT equation of state and accounting for amino acid dissociation in solution, Fuchs et al. [13] described the solubility curve as a function of pH for glycine, dl-alanine and dl-methionine in aqueous solution with good agreement with experimental data. Similarly, Seyfi et al. [14] , following Gupta and Heidemann [9] and applying SAFT equation of state, correlated the dl-methionine solubility curve as a function of pH and temperature with high accuracy.
Tseng et al. [8] investigated the solubility of dl-alanine, lleucine, l-isoleucine, l-serine and dl-phenylalanine as a function of pH in aqueous solution. Considering amino acid dissociation in aqueous solutions and using the NRTL model, they obtained satisfactory results with two adjustable parameters. Dalrup et al. [23] modeled systems containing two amino acids in solution using PC-SAFT equation of state.
Thus, while models differ considerably on which contributions are considered in the activity coefficient model, the calculation of acid-base equilibrium remains as the fundamental step in describing the solubility curve.
Theoretical framework
The basis of the model is a recent work on modeling protein solubility curve as a function of pH [24] . In this case, the equation for amino acids (regardless of the residue) is just a particular case of the same equation with two or three ionizable groups.
The condition of solid-liquid equilibrium for a given system, in which solid phase is considered to be unique and to contain only molecules of solute, is: Using molality scale [25] : Amino acid or ␤-lactam antibiotics may have four different ionization states in aqueous solutions. Eq. (1) is valid only for those which are electrically neutral species. This restriction is due to the fact that solid phase is electrically neutral, and hence the phase equilibrium is established only by electrically neutral species of amino acids. Thus, the activity of electrically neutral molecules remains constant with any variation of pH. The experimentally determined solubility, however, is obtained considering the concentration of all kinds of amino acids molecules irrespective to their ionization state. Thus, the molality of the electrically neutral molecules is a fraction of the solubility:
wherein m 0 is the molality of the electrically neutral molecules of amino acids, 0 is the fraction of electrically neutral molecules of amino acids and S is the amino acid solubility. As the activity of electrically neutral molecules of amino acids is constant, its value at any pH is equal to its value at isoelectric point (pI). Thus, one can write:
If the amino acid concentration in liquid phase is small, Henry's law applies and Eq. (4) can be rewritten simply as [24] :
Chemical equilibrium
Let us firstly consider amino acids with only two ionizable groups in its chain -extension for amino acids which have three ionizable groups is straightforward.
In aqueous solutions, the following equilibria take place:
There are four different species of amino acid molecules: the neutral non-ionized one (AA), the zwitterion (AA±), the cation (AA+) and the anion (AA−). The equilibrium relationship associated to each reaction is:
[AA±] (10)
The value of K D is so high the neutral non-ionized form is virtually inexistent, so it will no longer be considered. The fraction of ionized species of each reaction, excluding the first one, is given by the Henderson-Hasselbalch equations:
Thus, the fraction of each species of amino acid is simply:
Eqs. (14) or (15) can be used in Eqs. (4) and (5) . The choice between them is completely arbitrary [24] , and so the zwitterionic species is chosen for numerical reasons, because absolute values of the fraction calculated through Eq. (14) is vanishing small, several orders of magnitude smaller than absolute values of the fraction evaluated through Eq. (15).
Extended Pitzer model
To account for liquid phase non-ideality, the extended Pitzer model developed by Pessôa Filho and Maurer [26] was applied. This formulation is more adequate to application to amino acid solutions, wherein the electrically neutral form is a zwitterionic one. For a solute i in an electrolyte aqueous solution, the natural logarithm of the activity coefficient is given by the sum of a term due to long range interactions and one due to short range interactions:
The long range term is given by:
wherein: [25] . The short range term is given by:
wherein M s is the molar mass of the solvent in kg mol −1 , a is another universal parameter equal to 2.0 kg 1/2 mol −1/2 , ijk is the threebody interaction coefficient, and ij is the two body interaction coefficient, which depends upon ionic strength:
The ionic strength is defined as:
For the zwitterionic form, the long range term is null since zwitterion has no net charge. Two other simplifications can be made: the first one consists in neglecting three-body interactions ( ijk = 0, for any i, j and k) and the second one in neglecting the dependence upon ionic strength in two-body interactions ( ij (1) = 0, for any i and j). The dependence of the parameter due to two-body interactions upon temperature has been correlated by the proposed equation by Pitzer and Peiper [27] with the minimum of adjustable parameters (and for which a theoretical justification can be provided):
Thereby, one can rewrite Eq. (4) using the extended Pitzer model to account for liquid phase non-ideality due to the presence of electric charges in the solution as:
The empirical observation of amino acid solubility curves as a function of pH reveals certain symmetry around the isoelectric point. This allows inferring that interactions among the electrically neutral molecules of amino acid and electrically charged molecules are indistinguishable, i.e., an electrically neutral molecule interacts in the same way with a positive or negative charged molecule. This hypothesis implies the following identity a priori:
Evidently, if such symmetry is not observed, this hypothesis will not hold. Considering the simplification introduced by Eq. (26), Eq. (25) can be rewritten as:
By replacing Eqs. (12)- (17) in Eq. (27) , one gets an explicit relation between amino acids solubility and pH: log S (pH) 
A statistical thermodynamic interpretation of interaction parameters
Considering McMillan-Mayer's theory, from the statistical thermodynamic point of view, it is possible to emulate the osmotic pressure generated by a solute in a continuum liquid solvent using the same expressions for non-ideality of gases [28] . Therefore, one can write the natural logarithm of the activity coefficient of the zwitterionic molecule as:
wherein B j,AA± is the osmotic second virial coefficient and j is the number of molecules of component j per volume unity. Considering that the osmotic second virial coefficient can be related to the potential of mean force of interaction among solutes into a given solvent in the limit of low solute concentrations, one gets [29] :
Considering the mean force potential as given by the sum of three contributions: hard sphere (W HS ), attractive potential due to van der Waals forces (W vdW ) and electrostatic interactions (W elet ) as suggested by the DLVO theory:
wherein z i is the electric charge of molecule i, z j is the electric charge of molecule j, e is the electronic charge, is the mean van der Waals diameter of molecules i and j, Ä is the interaction parameter between molecules i and j.
One can assume that any configuration of an amino acid molecule has the same van der Waals diameter, -a reasonable hypothesis since the only difference between them is the charge. We also assumed that the magnitude of van der Waals interaction parameter between zwitterionic form and the others is the same, which also seems reasonable for such similar chemical structures as the ionized forms of an amino acid.
Being molecule i the zwitterion, electrostatic contribution is null since z i equals zero. Thus, the osmotic second virial coefficient for a system with isotropic interactions can be written as:
The natural logarithm of zwitterionic activity coefficient becomes: 
From the comparison between Eqs. (27) and (34), one has that the physical meaning of parameters established in Eq. (24) should be given by:
Results and discussions

Solubility of amino acids as a function of pH
The roots of Eq. (28) were obtained through the Newton-Raphson method. Parameters C (1) ij and C (2) ij were obtained using the simplex method of Nelder and Mead [30] . The relative mean square deviation (RMSD) was used as an objective function to adjust interaction parameters along with Eq. (28):
is the ith experimental solubility and S calc i is the related calculated solubility by Eq. (28) . Table 1 presents the results for interaction parameter for systems containing amino acids. The values of pK A for such systems are presented in Table 2 . One can observe that the maximum value of RMSD for such adjustments is less than 10.0% and that the interaction parameter magnitude increases with the amino acid molecular weight. This finding shows that non-ideality is mainly given by an entropic (combinatorial) effect, since it is dependent on the size of the molecules. The results are presented in Figs. 1-6 . From them, it is possible to state that the application of the model is a proficuous approach.
Eq. (37) can be used as a criterion for a quantitative comparison among different models. We compared the results of the model herein presented with the ideal solution model and with the NRTL model applied by Tseng et al. [8] . There is an important physical difference between the application of this model and that of NRTL as applied by Tseng et al. [8] . While this model is in McMillan-Mayer ensemble, as well as Pitzer's model, considering that non-ideality is established by interaction among different amino acids molecules, the NRTL model considers that non-ideality is due to the interaction between the amino acid and the solvent molecule. Table 3 shows the comparison among these models.
While the model herein presented requires only one adjustable parameter, the NRTL equation requires at least two. Even so, as one can see in Table 3 , this model correlates experimental data with relatively more accuracy for all the systems studied. For systems Experimental data ( ) [8] ; NaCl or HCl solution ( ) [6] ; KOH or HNO3 solution ( ) [6] . Modeling: ideal solution (dotted line), this work (continuous line).
such as solutions containing dl-alanine and l-serine, despite the vast literature concerning the non-ideality modeling of those systems, the simplest hypothesis of ideal solution is reasonable when the RMSD is compared among different models. a The pK A3 value of tyrosine is 10.07 according to Greenstein and Winitz [32] .
Table 3
Values of RMSD -Eq. (37) -for amino acids applying the models: ideal solution, this work and NRTL. Experimental solubility data obtained by Tseng et al. [8] .
Amino acid Model
Ideal The model must be slightly modified to account for the presence of amino acids with ionizable residues. With one more ionizable group, there will be eight different configurations that can be assumed by an amino acid molecule. Therefore, Eq. (25) would have eight, instead of four, interaction parameters: one parameter for the interaction of each amino acid configuration with the zwitterionic form. If we adopt a similar hypothesis as that adopted in Eq. (26) There are few experimental data available in the open literature of systems containing amino acids with three ionizable groups in chain. Here, we used the tyrosine solubility data published by Hitchcock [15] . To the best of our knowledge, in that article, Hitchcock presented the very first modeling for an amino acid solubility curve as a function of pH, considering ideal solution. Although tyrosine has an ionizable R-group, it commonly appears in the biochemical specialized literature as nonpolar amino acid since its pK A3 is too high. In Fig. 7 , we show how important is to consider the tyrosine R-group as ionizable even when considering only ideal solution ( ij = 0). And it is interesting to note that considering the tyrosine R-group as an ionizable one does improve solid-liquid equilibrium description.
Solubility of glycine and its oligopeptides as a function of pH
The solubility of small peptides with only terminal groups, such as ionizable ones was also investigated. Table 4 Experimental data ( ) [15] . Modeling: considering R-group as non-ionizable (dotted line), considering R-group as ionizable (continuous line). of interaction parameter ij and of RMSD -defined in Eq. (37) -for aqueous solutions containing glycine or its oligopeptides (up to hexaglycine). The values of pK A are also presented in Table 2 . Fig. 8 allows observing that the model can accurately describe solubility curves. It is interesting that, as similar as for simple amino acids, the magnitude of interaction parameter ij increases with the increment in the peptide chain size. Considering the interpretation of the parameter presented earlier, one can write:
Assuming that ε should increase as the peptide nonpolar chain increases, we would expect to decrease with the increment in peptide chain size, since there would be an increment in hydrophobic interaction represented by the attractive parameter ε. However, the value of increases, which means that the effect of van der Waals diameter is predominant.
Solubility of ˇ-lactam compounds as a function of pH and temperature
Similarly to amino acids, ␤-lactam compounds present one amine and one carboxylic acid that participate in protonation equilibria. This common feature turns the developed modeling for amino acids applicable to ␤-lactam compounds. Fig. 9 shows the chemical structures of two ␤-lactam compounds: the antibiotic ampicillin and its precursor 6-aminopenicillanic acid, for which solubility data as a function of pH and temperature are available [22] . In this case, one can apply Eq. (28) by simultaneously adjusting parameters C Mead [30] simplex method with the objective function of global relative mean square deviation (GRMSD):
wherein N is the number of experimental data point at a given temperature and M is the number of sets of experimental data at different temperatures. The values of pK A used for ampicillin and 6-aminopenicillanic acid are listed in Table 2 . Table 5 Accounting for non-ideality for ␤-lactam solutions is necessary to describe the solubility experimental data, as can be viewed in Figs. 10 and 11. In both cases, the dependence of solubility on temperature is weak, but non-negligible. The values of ε/k B are related to the deviation (positive or negative) from ideality: if ε/k B is larger than the temperature of the experimental data set, the activity coefficient of zwitterionic species is lower than the unity, resulting in a negative deviation from ideality. Table 6 presents the comparison among three models: ideal solution, Khoshkbarchi and Vera [11] model and the model herein presented. The value of GRMSD for the model herein presented can be seen to be lower than that obtained by applying the ideal solution model, and even lower than the Khoshkbarchi and Vera model [11] -which requires five adjustable parameters.
Table 5
Values of parameters and ε, and values of GRMSD -Eq. (40) -for systems containing ampicillin and 6-aminopenicillanic acid. Experimental solubility data obtained by Santana et al. [22] . 
Conclusions
A new model for describing the solubility curve of amino acids and ␤-lactam compounds as a function of pH is presented. This model requires less adjustable parameters and allows a better correlation of the experimental data than traditional approaches. The applicability of this model in the correlation of several sets of solubility experimental data is stressed. An important observation concerns the combinatorial entropic effect, which might explain the increasing non-ideality with increment of molecular size. This fact allied to the literature review shows that the use of very complicated models to describe non-ideality in systems such as the ones studied here may not be the best way to develop thermodynamic modeling for engineering purposes.
